Modal characteristics of a vibrating truss by Ghent, Edd Leighman, Jr.
Scholars' Mine 
Masters Theses Student Theses and Dissertations 
1966 
Modal characteristics of a vibrating truss 
Edd Leighman Ghent Jr. 
Follow this and additional works at: https://scholarsmine.mst.edu/masters_theses 
 Part of the Engineering Mechanics Commons 
Department: 
Recommended Citation 
Ghent, Edd Leighman Jr., "Modal characteristics of a vibrating truss" (1966). Masters Theses. 5758. 
https://scholarsmine.mst.edu/masters_theses/5758 
This thesis is brought to you by Scholars' Mine, a service of the Missouri S&T Library and Learning Resources. This 
work is protected by U. S. Copyright Law. Unauthorized use including reproduction for redistribution requires the 
permission of the copyright holder. For more information, please contact scholarsmine@mst.edu. 
MODAL CHARACTERISTICS OF A VIBRATING TRUSS 
by 




submitted to the faculty of the 
UNIVERSITY OF MISSOURI AT ROLLA 
in partial fulfillment of the requirements for the 
Degree of 






In this thesis, a complete technique is presented 
for the vibration analysis of any planar structure which 
can be classified in the broad category of trusses or 
frames. Although a theoretical backdrop is included for 
the ' sake of completeness, the intent is to provide a 
technique that is readily adapted to compute r usage and 
can be handled with a minimum of confusion or misunder-
standi~g . 
The problem is solved by the use of a displacement 
technique wherein the inertia and stiffness properties 
of a structure are calculated by superimposing the 
contributions of each component of . the structure. The 
calculation of these individual contributions has been 
standardized by presenting the associated stiffness and 
mass matrices in a general form that can be applied to 
any structural member. 
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One of the major problems facing an engineer in 
todays rapidly growing space effort is the dynamic 
analysis of various types of frames and integrated 
trusses. These structures are u~ed extensively in the 
fabrication of high speed aircraft, ·missiles, and space-
craft due to the high strength properties that can be 
achieved with relatively small weight penalities. 
Although the evaluation of the vibration charac-
teristics of a simple, pin-connected, determinate 
structure is not exceedingly difficult, this type of 
problem is rarely encountered. However, to evaluate 
the more general case of a highly redundant frame with 
restrained or fixed joints becomes considerably more 
difficult if for no other reason than the additional 
calculations involved. Usually, for reasons including 
expediency and economy, the general analysis is largely 
ignored and the solution is approximated by various 
techniques, one of the most popular being the assump-
tion of pin-connected jo~nts. 
In this study, a general technique is developed 
for the complete vibration analysis of a truss or frame 
havi~g any support condition, end condition, or degree 
2 
of redundancy. All of th~ involved steps are p resented 
in a form palatable for computer digestion allowing the 
analysis to be conducted with a minimum of confusion, 
time, or misunderstanding . 
The general approach is based on a displacement 
method wherein the inertia and stiffness properties o f 
a composite structure are defined by summing ~e contri-
butions of the individual members, which arise from a 
common displacement . 
The motion of the truss is defined by the motion 
of the joints, each of which can experience two compo-
nents of displacement and one of rotation . The motion 
of each individual member of the truss is thus conven-
iently described by the motion of its end points. 
In order to eliminate any inherent, geometrical 
constraints in the analysis, the elements of the stiff-
ness and mass matrices are first developed for a ge~eral 
truss member at an arbitrary orientation. These values 
are then related to an absolute coordinate system which 
is applicable to the total structure under considera-
tion. This permits the analysis of any type of diverse 
structure that fits in the broad classification of 
trusses or frames. 
Since each member of the truss is conside red 
separa tely , it becomes a simple matter to evaluate 
changes in the structure and to add or delete compo-
nents of the structure without disturbing the work 
already com~leted. This becomes particularly impor-
tant in design areas where the evaluation of a large 
number of configurations may be necessary for opti -
mization purposes. 
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II . . REVIEW OF THE LITERATURE 
In recent years , the trus s has r e ceived consider-
able attention. This is due in part to our rapidly 
growing space effort, but of equal importance, to the 
advent of new data processing equipment . 
4 
The analysis of highly redundant structures 
requires the formulation of a large number of simul-
taneous equations . Before the general use of the 
electronic computer becam~ available , only structures 
with a low degree of redundancy were considered in 
order to circumvent the tedious numerical task involved 
in the solution of these equations. The electronic 
computer has relieved this burden. New techniques 
employing matrix methods have, therefore , been devel-
oped since the formulation of the problem in matrix 
notation provides a concise means of expression which 
is ideally suited for automatic data processing . The 
re f erences are limited to those articles whose analyses 
are directly aligned with matrix notation. 
There are many texts now available which discuss 
energy principles , matrix a~gebra , and the application 
of these techniques to structural analysis . An excellent 
treatise , altho~gh somewhat terse , on energy principles 
is a book prepared by Dr. Henry L. Langhaar.l* This 
text presents a comprehensive discussion of the anergy 
pxinciples of mechanics with various applications to 
5 
structural problems. 
An excellent book for the study of matrices and 
their manipulations, has been prepared by Dr. S. J. 
McMinn. 2 The salient feature of this text is that Dr. 
McMinn has sorted out the matrix mathematics that are 
of use to the engineer and presents them without 
delving into rigorous proofs. He then translates, in 
detail, the methods of approach for the solution of 
structural problems into matrix form. 
Also along these lines is a text presented by 
Professor J. H. Argyris and Mr. s. Kelsey. 3 This 
text is believed by the author to be one of the most 
comprehensive studies available for the discussions of 
the determination of stresses and deflections encoun-
tered in aircraft structures. 
Finally, an overall discussion of the above prin-
ciples and their direct application to the solution of 
problems related to structural dynamics can be found in 
' several texts on vibrations.Lt,s.,G 
*Articles listed in the bibliography will be referred 
to with superscripted integers. 
In . general, the procedures presented for the 
calculation of the strain energy or stiffness expres -
sions are broadly classif i ed into two basic methods: 
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the method of forces, and the method of displacements. 
Although it can be shown that these methods are com-
plete l y analogous and the resulting expressions directly 
related, the mode of application to a given structure 
differs considerably . Both methods readily lend 
themselves to computer solutions and the method used 
for structural analysis is mainly up to the choice of 
the analyst . Since this study is based on the dis -
placement method , the force method will not be dis -
cussed except to mention that a thorough explanation 
of the techniques involved is presented in the texts 
previously mentioned . 2~3 , 4 
In addition to the above mentioned references , 
there have b~en several articies published which 
relate directly to the deflecti on method for the 
stiffness representation of frames and trusses . 
Turner , Clough, Martin and Topp 7 have presented a 
method for the direct stiffness calculation of a pin-
connected truss . Eisemann, Woo, and Namyet8 have 
presented a similar technique which also includes the 
effects of joint restraint. In addition, they have 
7 
embodied their results in a program written for the IBM 
7090 computer which will be made generally available. 
This paper also indicates the n e cessary steps involved 
for the stiffness representation of a three-dimensional 
frame . 
As pointed out in an article by Mr. J . S . Archer,9 
t~e development of the kinetic energy matrix or inertia 
ma trix , used in the dynamic analysis has not enjoyed 
the same degree of investigation as has the stiffness 
matrix . This is due primarily to the more limited , 
but no less important application involved. Thus , the 
common method used for the construction of the mass 
matrix is to assume the mass · of the structure to be 
concentrated at various displacement points within 
the structure . This technique is thoroughly discussed 
in most vibration texts , 4 ;s,s and has definite limi-
tations when . applied to continuous systems . 
A prorr.ising technique for the formulation of a 
mass matrix for continuous systems has been presented 
by Mr . Archer . 9 He avoids the inherent inadequacy of 
the gross lumping method by using a Rayleigh-Ritz 
formulation wherein he combines the displacements 
implied in the stiffness derivation with the inertia 
calculations for a more realistic representation of 
the actual inertia distribution. He concludes his 
analysis by comparing exact solutions, lumped mass 
solutions, and solutions by his method for various 
types of beams with various end supports. Comparison 
shows his method to be markedly superior to the 
8 
lumped mass solutions, particularly in the calculation 
of the frequencies associated with the higher modes 
of vibration. 
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III. MATHEMATICAL FORMULATION 
In this section the mass and stiffness matrices 
necessary for the vibration analysis of a planar truss 
will be evaluated for the general case of rigidly 
connected joints and then modified to handle pinned 
joints. Only straight members with uniform cross 
sections are considered in this study. This does not 
necessarily place a restriction on the analysis, as 
variable cross sections or curved members may be approx-
imated by including additional rigid joints along each 
member. 
To eliminate torsional effects, each member is 
assumed to be doubly symmetric with the shear center 
coinciding with the mass center. The loads are then 
assumed to pass through this point at the joints. In 
addition, only small deflections about an equilibrium 
position are considered, implying linear elastic 
behavior and allowing the use of superposition. 
This analysis also excludes rotary inertia and 
shear effects. These terms can be included provided 
the proper energy expressions are used.s,s 
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A. Equations of Motion 
If the configuration of the system is described by 
a finite number of coordinates, Lagrange's Equations 
can be used to derive the equations of motion for small 
oscillations. For free vibrations of a conservative 
system, the appropriate form is: 
= 0 ( 1) 
where T and U are the kinetic and potential energies 
respectfully of the system, and qi the generalized 
coordinate associated with the ith degree of freedom. 
For a truss, both the kinetic and potential ener-
gies of the system can be defined by the motion of the 
joints. Each joint is free to translate as well as 
rotate. Therefore, three generalized coordinates are 
required at each joint, two translation components and 
one rotation. 
The potential energy of an elastic system can be 
approximated by a quadratic function in the generalized 




a .. q. q. • ~J ~ J (2) 
The existance of this function can be explained by 
expanding U in a Taylor's series of ascending powers 
of qi about an equilibrium position, or 
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u = u + ~ <~> q.+ 21 ~ ~ <azu > q.q. + •.• (3) 
o i=l aqi o 1 i=l j=l aqiaqj o 1 J 
where the subscript o is used to denote values at the 
equilibrium position. The constant term U
0 
is arbitrary 
and can be defined as zero since it does not affect 
the equations of motion. The linear term in qi must also 
vanish by the definition of a conservative system 
since it is evaluated at the equilibrium position.l 
The first finite term to appear is the second order, or 
quadratic term. Any higher order terms, providing that 
they exist, can be, neglected if we assume small oscil-
lations about an equilibrium position. We can, there-
fore, express U as shown in Eq. (2) where 
a .. = 
1] aq. aq. 
1 J 
(4) 
If we now consider that the aij terms are in reality 
stiffness terms, the problem of defining U is rele-
gated to the definition of the stiffness matrix asso-
ciated with the structure. 
In order to define the kinetic energy of the system, 
a modified Rayleigh-Ritz technique 4 ·is ·used. In this 
12 
technique, the deflection of a typical truss member is 
represented by an expression of the form 
n 
w(s,t) = I: ~i (s) qi (t) (5) 
i=l 
where ~i(s) is a displacement function and qi(t) the 
associated generalized coordinate representing the 
contributions of each of the assumed functions. Ex-
panding Eq. (5) we get 
(6) 
The velocity at any point can be written as 




~lq1 . ~n4n w = + ¢2q2 + ••• + (B) 
where the dot notation refers to a derivative with 
respect to time. The kinetic energy for a differential 
element of a member is 
dT = ; drn(v> 2 = ; drn(w) 2 • 
Again,using the quadratic·formt the kinetic energy 
can be expressed by combining Eq. (8) and (9) as 
(9) 
1 n n 
T = 2 i~1 i~l rnij qi qj ' <10 > 
where L 
m .. = 






In this analysis, the functions, ~i(s), are not 
selected in an arbitrary fashion, but are selected in 
a manner that is consistent with the deformations im-
plied in the stiffness derivation. 
If the above expressions for T and U are substi-
tuted in Lagrange's Equations, \'le obtain n homogeneous, 
second-order, linear, differential equations of motion 
which can be written in matrix form as 
[M] {q} + [K].{q} = O. ( 12) 
In order to solve these equations, we assume that 
the system exhibits harmonic motion and make the harmonic 
. · ' jwt · - 2 substitution, {q} = {q} e , which gives {q} = -w {q}. 
By this substitution, the equations of motion can be 
written as 
-w 2 [M] {q} + [K] . {q} = 0 • ( 13) 
This set of characteristic equations can now be solved 
for n discrete eigenvalues, w~ , which are related to 
the actual system by 
2 2 
> A 2 ' • • • ' · wn 
where A· are the exact eigenvalues or frequencies of ~ 
14 
the system. In other words, the approximate frequencies, 
wi' obtained by this method provide an upper bound for 
the actual system. 
Associated with each, is a set of eigen-
vectors, qi, which represent the mode shape or deflec-
tions of the system at that particular frequency. 
15 
B. Derivation of General Stiffness Matrix 
In defining the planar motion of a truss, we use 
three generalized coordinates at each joint; two mu-
tually perpendicular translations and one rotation 
coordinate. The forces and displacements for each 
member of the truss are thus defined in terms of six 
generalized forces and six generalized coordinates, 
three at each end. 
This is shown in 
Fig. l where the 
translation coor-
dinates are de-
fined with respect 
to the longitu-
dinal axis of the 
member. These 
Figure l. Notation with re-
spect to relative coordinates 
for an arbitrary truss member 
with rigid joints. 
axes will be called 
the relative axes and referred to with the barred 
notation. A stiffness matrix for each member of the 
truss will be derived with respect to these relative 
axes, and then, by use of the coordinate transformation 
matrix developed in Appendix A, expressed in terms of 
an absolute coordinate system applicable to the composite 
' 
structure. The positive sign convention indicated in 
Fig. 1 is used to keep the force and displacement 
components of each member compatable at the joints. 
This convention differs from the one commonly used in 
the basic mechanics and particular care must be paid 
to insure use of the correct sign. 
A stiffness coefficient, k .. , is defined as the 
~J 
1 t . f d . th .th d f f d e as ~c orce generate ~n e ~ egree o ree om 
when only the jth degree of freedom is displaced a 
16 
unit amount. Using this definition, the total elastic 
force acting in the ith degree of freedom can be 
written as the sum of the effects of the displacements 
in all degrees of freedom, or 
n 
Q. = E k .. q .• 
~ j=l ~J J 
(14) 
The stiffness terms display the characteristics of 
reciprocity; that is, k;. = k ... 
• •J J~ 
A stiffness matrix for one member of the truss 
can thus be developed by considering any arbitrary 
deformed state of the member as a superposition of the 
six functions shown in Fig. 2a through Fig. 2f*. 
*In these Figures, the member is shown horizontally 
for convenience only. 
17 
~X 
- -l r- ql = 1 
kll __,;.--1--~ --------.. ~~----




Figure 2. Deformations of a typical member implied in 
the stiffness definition and associated displacement 
functions. 
18 
so4 = <~> 
Fig. 2 d 
Fig. 2e 
Fig. 2f 
Figure 2. (continued) 
These functions are the deflections implied in the 
definition of the stiffness terms. 
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Two of the cases shown involve axial deformations 
and must be handled separately. That is, the assump-
tion is made that no coupling exists between the axial 
deformations and the transverse and/or rotational 
deformations since this introduces nonlinear terms in 
the stiffness matrix. This may be understood by 
considering that a unit deflection in the axial direc-
tion produces axial forces only without inducing trans-
verse loads or bending moments in the member. The 
converse of this statement does not hold. That is, a 
unit deflection in the transverse direction or a unit 
rotation of the end points does produce axial strain 
in the member thereby inducing axial forces. This 
violates the reciprocity characteristic of the stiff-
ness matrix and causes the equations to become nonlinear. 
However, ·this effect can be neglected as a second order 
effect since only small deflections are considered. 
The general form of Eq. (14) can be expressed 





where Qi are the generalized forces representing either 
forces or moments and q. the generalized coordinates 
~ 
re?resenting the participation of each of the assumed 
functions. The barred notation refers to the relative 
coordinate system. 
In order to develop the first column of the [k .. ) 
~J 
matrix, we let qi = 1, and q 2 = q 3 = q 4 = q 5 = q 6 = 0. 
That is, the displacement function shown in Fig. 2a 
is assumed to completely describe the motion. From 
basic mechanics, the force needed to produce this unit 
deflection is ~ which is, by definition, k11 , or the 
force in the 1 direction due to a unit deflection in 
the 1 direction only. From equilibrium considerations 
and Newton's Third Law, an equal and opposite axial 
d . 1 AE h. h . force is develope at po~nt B equa to - ~ w ~c ~s 
the k 41 term. Since transverse loads or moments are 
not required to maintain this deflected shape the 





To develop the second column of [k .. ], consider ~J 
the displacement function shown in Fig. 2b. Let y 
21 
be defined as the transverse deflection at any point 
on the member, and M the bending moment at any section. 
Working with Fig. 2b, the ki 2 terms can be calculated 
from the flexural formula 
Eiy" = M = k 52 (L-~) - k 62 • ( 16) 
As previously noted, the axial forces are assumed to 
be zero. 
Integrating and applying the boundary conditions, 
y'(O) = y' (L) = y(L) = 0 and y(O) = 1, we obtain the 
simultaneous equations 
which yield, upon solution, 
and 
k = _ 12EI 
52 
6EI 
We now solve for the other stiffness terms from the 
( 17) 
equilibrium equations. EF = 0 and EM = 0 .and determine 
that 




The other columns of the stiffness matrix can be devel-
oped in a similar fashion by applying this technique 
to the remaining deflection functions. The resulting 
matrix is 
A 0 0 -A 0 0 
0 
0 -6I/L 4I 0 6I/L 2I 
E 
= L 
-A 0 0 A 0 0 
0 -12I/L2 6I/L 0 12I/L2 6I/L 
0 -6I/L 2I 0 6I/L 4I 
where E can be factored out since it appears in each L 
term. 
The above matrix equation was derived with respect 
to relative coordinate axes; and it is necessary to 
proceed to relate this equation to an absolute coor-
dinate system. 
Considering the arbitrary orientation shown in 
Fig. 1, and using the transformation developed in 
Appendix A, we write, 
, ' 
Eq. (2) thus becomes, in terms of the absolute 
coordinates, 
or 
{Q} = [p] {q.} ~ = [pJ' [k .. ] ~) 
The general stiffness matrix is now defined as 
[p) 
T -[k .. ] = [p] [k .. ] [p] and is presented in Table I. ~J ~) 
This general matrix is used to represent each member 
of the truss by choosing the appropriate direction 
cosines.* 
Each matrix thus defined represents the stiff-
23 
ness contribution of each member to the overall stiff-
ness of the truss and becomes a submatrix of the final 
stiffness matrix representative of the composite struc-
ture. To assemble this final matrix, the submatrices 
are superimposed by combining like terms. This tech-
nique is more clearly understood by considering the 
example presented in Appendix B. This procedure is 
*Some of the terms associated with the transverse 
loadings and moments are altered by a change of 180° 
in the slope of the member. To keep the forces 
compatable at th~ joints, care must be exercised in 
choosing the appropriate direction cosine. 
TABLE I 
General Stiffness Matrix, [k ij] 
zA 112IS
2 
a Lz SA 12Ia8 a - Lz 6IS (-a2A_l2I~ ) L 1 
A S 12Ia8 Asz,l2Ia2 &I a <-Aas '12~2s> a - Lz --12 1 
' 
6IS 6Ia 4I 6Is 
-- -
E . 1 1 1 
L I (-a2A_l2I82) (-Aa fP 12 ~ ~ 8 } _6!8 ( 2A•l2IS 2 ) LZ L a 12 
( -Aas+l2~~ s) {-Asz_l2i~z) 6Ia (Aa8-12i~8) 1 
6IS 6Ia 2I ..ill 
-1 1 1 
(-aASI 12~~ 2 ) 




















essentially independent of the complexity of the 
structure and becomes simply a matter of bookkeeping 
which is readily adaptable to computer language. A 
computer program was written for this purpose and is 
presented in Appendix c. 
The stiffness matrix formed by this technique is 
singular. Physically, this means that the structure 
is not restrained against rigid body motion. For the 
general planar case three such rigid body modes exist. 
Therefore, to alleviate this situation, at least three 
25 
boundary conditions must be imposed. Any set of supports 
which prevent rigid body motion may be used for this 
purpose. One of the big advantages associated with the 
stiffness approach is that the support conditions can 
be handled regardless of the redundancy. For example, 
a rigid support implies that one of the generalized 
coordinates is held to zero. This condition is reflec-
ted in the matrix by crossing out the row and column 
associated with that degree of freedom. Again, this 
is illustrated in Appendix B. Although these reduc-
tions could be handled in the submatrices, it is con-
I 
venient for bookkeeping reasons to carry a full six by 
six matrix for each member and apply the row and column 
deletions to the final composite matrix. 
26 
C. Derivation of General Mass Matrix 
A common technique used in developing the mass 
matrix is to assume the mass of the structure to be 
lumped or concentrated at various points within the 
structure. While this technique works extremely well 
for discrete mass systems, the application to a contin-
uous media sometimes gives spurious results unless a 
large number of points are used. This technique is 
therefore obviously impractical for the general analysis 
of a truss. 
In order to obtain a better inertial representa-
tion of the structure, a modified Rayleigh-Ritz tech-
nique similar to the one proposed by Dr. J. S. Archer9 
is employed. 
If the truss is in free vibration, each member of 
the truss can be considered to be loaded by inertia 
forces which vary along the length of the member. If 
the motion of the truss could be exactly defined, an 
exact expression for the inertia of each member and, 
hence, the truss, could be calculated. Although we 
cannot define the motion of each member exactly, we can 
assume a deflected shape, or sets of deflected shapes, 
and by use of Eq. (lO)and (11) approximate the inertia 
27 
properties. The assumed deflection shapes are related 
to point deflection functions by the use of Eq. (6). 
For the case of a truss, these point deflection func-
tions are the three generalized coordinates carried at 
each joint. Logical choices, as Archer suggests,9 for 
the assumed deflection shapes are the displacement func-
tions implied in the derivation of the stiffness matrix. 
These functions are shown in Fig. 2a through 2f. Any 
motion of a member of the truss is thus assumed to be 
a combination of these six cases. Using these figures 
and the integral expression shown in Eq. (11), we can 
physically consider the term, mij' to be a mass coupling 
h . . f t d . th .th d term, or t e ~nert~a orce genera e ~n e ~ egree 
of freedom due to a unit acceleration of the jth degree 
of freedom only. 
To illustrate this technique, consider the mass 
terms with the axial displacement functions. The ~i 
associated with a unit displacement of q1 and q4 are 
assumed to be linear and are shown in Fig. 3, 
~ (x) Y1 (x) 
Y1 =~ _j_ 4 L 
__.,. ---- q = 1 
--- 4 rc< ~ X 
f 
Figure 3. Displacement Functions for Axial Motion 
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where ~l and ¢4 are actually axial displacements. 
Using Eq. ( 11) the m11 term is defined as 
mll = PJL ¢1~1 dx IL X X dx= L m = p ( 1--) ( 1--) P) = 
0 L L 3 I 0 
-the ml4 = m41 term as 
ml4 PI: ~1~4 dx JL X X dxz m = = p (1--) (-) 0 L L 6 r 
and 
- PJL ~4~4 JL X X m m44 = dx = p (-) (-) dx== 3 0 0 L L 
where x is the distance measured along the longitudinal 
axis of the member, m the total mass of the member, 
and L the axial length. Since no coupling is assumed 
to exist between the axial and bending deformation 
-functions, the other m .. terms in rows 1 and 4. and l.J 
columns 1 and 4 of [rn .. ] are zero. 
1.) 
In order to define the displacement functions 
associated with bending, we returri to the flexure form-
ulas .and substitute the appropriate values for k ..• l.J 
For example, to calculate ¢2 we have, 
- x2 
Eiy = k 52 <L2 
x2 2 + EI. (19) 
Substituting for k52 and k62 we obtain 
which reduces to 
x3 
= 2r;:r x2 3LZ" + 1. 
Similar expressions are written for the remaining ¢i 
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(20) 
terms. These terms are shown next to the appropriate 
deflection function shown in Fig. 2a through 2f. 
-Again, using Eq. (11), we write m22 as 
or 
13 
rn22 = 35 rn. 
The remaining m .. terms are calculated in a similar 
~J . 
fashion. 
em .. J = ~J 
rn 
The complete [m .. ] matrix thus becomes, 
~J 
140 0 0 70 0 0 
0 156 -22L 0 54 13L 
0 -22L 4L2 0 -13L· -3L2 
m 70 0 0 140 0 0 
I 
0 54 -13L 0 156 22L 
0 13L -3L2 0 22L 4L2 
• 
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To relate these values to an absolute coordinate system, 
the transformation derived in Appendix A is again used. 
The kinetic energy of the system can be expressed 




T = 1/2 I: I: m .. ~J q. ~ q. J 
or rewriting in matrix form 
. .:. T - . .a. T = 1/2 {q.}'[m .. ] {q.} • 
~ ~J J 
From Appendix A, 
. 
. ~ T {qi} [l!] {q.} :and {q.} = J 
Substituting these expressions 
T = 1/2 {qi} ( ll] T 
or 
T = 1/2. {q.} T. [m .. ] 
~ . ~J 
where 











. {q •} T T ( 23) = [ ll] • ~ 




and is shown in the expanded form in Table II. This 
general expression is applied to each individual member 
of the truss. The resulting matrices are then combined 
by superimposing like terms which results in a mass 
matrix representative of the composite system. 
(140a 2 +1568 2 ) 
(140a8-156a8) 
m I 22L8 · 
420 
I 




General Mass Matrix [m .. ] 
~) 
(140aB-156a8) 22L8 (70a 2 +548 2 ) 
(1408 2+156a 2 ) -22La (70a8-54a8) 
-22La 4L2 13L8 
(70a8-54a8) 13L8 (140a 2 -1568 2) 
(708 2+54a 2 ) -13La (140a8-156a8) 
13La -3L 2 -22L8 
(70a8-54a8) -13L8 
(708 2+54a 2) 13La 
-13La -3L2 
(140a8-156a8)-22L8 





D. Pin-Connected Frames 
The preceding problem is greatly simplified by 
making the assumption that the truss is pin-connected. 
In this case the only forces that are carried by a 
member of the truss are equal and opposite axial forces 
applied at the ends. Since each end point or joint is 
free to exhibit planar motion, we define the motion of 
the truss by associating 
two generalized coor-
dinates, both deflec-
tions, with each joint. 
If we consider 
only small deflections, 
such that the members 
are not rotated appre-
ciably, the axial force 
~ql,Ql 
Figure 4. Notation with 
respect to relative coordin-
ates for an arbitrary truss 
member with pinned joints. 
. generated in a member by a deflection transverse to the 
member can be shown to be a higher order effect and 
neglected. To include this effect would introduce 
nonlinear terms which greatly complicates the solution 
if not rendering' it impossible. 
Proceeding exactly as before, we now consider the 
general member shown in Fig. 4. Anticipating the 
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coordinate transformation, all four coordinates will be 
carried in the barred notation even though the trans-
verse loads do not exist. For the pinned case Eq. (4) 
reduces to 
Ql A 0 -A 0 ql 
Q2 E 0 0 0 0 q2 
= L • ( 26) Q3 -A 0 A 0 q3 
Q4 0 0 0 0 q4 
Applying the coordinate transformation, the general 
stiffness matrix is defined by 
[k .. ] = [lJ]l 
~J 
or rewriting in the expanded form, 
a2 aS -a2 ,-aS 
AE aS s2 -as -e2 [k .. ] = ~J L 
-a2 aS a2 aS 
-as -s2 aS s2 
The [k .. ] 
~J 
matrix in the pinned case 
( 27) 
• ( 28) 
could have 
been obtained directly from the relative stiffness 
matrix defined in the fixed-joint analysis by crossing 
out the rows and columns associated with the flexure 
coordinates. This is to be expected since in the 
fixed joint analysis we assumed that no coupling 
existed between the axial and bending coordinates. 
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The associated mass matrix is assembled as before 
by using the displacement functions defined in Fig. 3. 
The relative mass matrix becomes 
m/3 0 m/6 0 
0 0 0 0 [m .. l = m/6 m/3 (29) ~J 0 0 
0 0 0 0 
Again, using the coordinate transformation, the general 
expression becomes 
a!3/3 a8/3 a 2 /6 a8/6 
ae/3 13 2 /3 13a/6 13 2 /6 
II (30) [m .. l ·- m a 2 /6 ae/6 a 2 /3 a!3/3 ~J 
ae/6 13 2 /6 a!3/3 e2 /3 
By applying these general matrices to each mem-
ber of the structure and then using superposition, 
both a mass and stiffness matrix representative of the 
total structure can be defined. 
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IV. CONCLUSIONS 
In many areas, particularly the space oriented 
industries, specialization has forced the engineer to 
limit his fields of interest to specific problem areas. 
Consequently, his competence in disciplines outside his 
area of specialization may be impared. This is particu-
larly true in the field of structural dynamics where a 
large range of dynamic problems, usually of a complex 
nature, must be handled. An engineer in this field 
frequently has to rely on outside groups to provide 
such basic data as stiffness and mass properties for 
solutions to his problems. Since these groups may 
use unfamiliar techniques and nomenclature, obvious 
difficulties exist. 
The general approach presented in this study has 
replaced some of the flexibility lost by the dynamics 
engineer by presenting the complete formulation of the 
free vibrations of a truss or frame in a concise, 
understandable fashion. The problem can then be 
handled or supervised from start to finish by one indi-
vidual. This eliminates many of the problems of nota-
, 
tion as well as confusion that exists due to communica-
tions with other groups. 
In addition, the problem has ·been formulated by 
considering discrete elements which provides a pro-
cedure applicable to many diverse structures. This 
eliminates the need to develop new computer programs 
each time a problem is considered. Also, since the 
problem has been reduced to the submittal of standard 
data patterns, much of the work can be handled by 
technically trained assistants under the supervision 
of an engineer. 
The techniques developed in this study can be 
directly applied in future work to handle the more 
general three-dimensional case of a vibrating truss 
or frame. Additional considerations might also be 
given to including the effect of damping in the 
analysis as well as providing a means for handling 




DEVELOPMENT OF THE GENERAL TRANSFORMATION MATRIX [~] 
Figure lA. Coordinate Transformation 
The displacements at each joint of the truss are 
related to a common reference system by the equations 
ql = ql _cos ex + q2 cos ey 
and 
q2 = -ql cos e y + q2 cos ex 
or in matrix form 
{::} =~ J{::} 
where a = cos ex and e = cos ey. The basis for these 
equations is clearly indicated in Fig. lA. 
Since the rotations are the same in all systems, 
the transformation from the relative to the absolute 
reference system for one end of the arbitrary truss 





0 0 1 ( lA) 
To include both ends of the general truss member, 
Eq. (lA) is expanded as 
0 0 0 0 
-e 0 0 0 0 
0 0 1 0 0 0 
= 
0 0 0 B 0 
0 0 0 0 
0 0 0 0 0 1 
or 
{q.} = [lll {q} • 
~ 
This transformation is orthogonal~ that is, the 
transpose and the inverse of the transformation matrix, 




The use of the.general stiffness and mass matrices 
presented in this study are illustrated by considering 
the ·square frame shown in 
Fig. lB. This frame is 
considered to be completely 
rigid with E, I, and A 
constant throughout. Three 
L 
generalized coordinates are 
carried at each joint in 
order to define the motion. 
For the purpose of this 
Figure lB. 
Frame 
Rigid example only, the notation 
used for these coordinates 
will be altered slightly. 
For example, we let 
and 
x = horizontal deflection of joint B, positive 
B 
to the right, 
yB = vertical deflection of joint B, positive up, 
' eB = rotation of joint B, positive clockwise. 
Applying the general stiffness matrix to member 
AB, and using the direction cosines a = 1, a = 0, 




















































For member BC we must use a = 0 and a = -1: that 
is, e = 0 and e = 180°. X y The value for ey of 180° 
instead of 0° must be used to keep the forces consis-





17 0 0 
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We can write similar expressions for members AC, 
BD and DC using the proper direction cosines shown in 
Table IB. 
Since the deflection of a joint causes a force or 
moment to be generated in each of the members there 
attached, the total force at the joint is the vector 
sum of all the individual contributions. For example, 
a deflection of coordinate xB causes a force FxB in 
members AB, BC and DB. Therefore, by coding the stiff-
ness terms relating xB and FxB in each individual 
stiffness matrix with the same number, the computer 
program shown in Appendix C can be used to assemble 
the stiffness matrix for the total structure. 
The mass matrix is assembled in a similar fashion 
by considering the definition on Page 27, which relates 
an effective inertia force at each joint to a general-
ized acceleration terrn,or in matrix form 
{Q.} = (m .. ] {q.} 
~ ~J J 
Applying this expression to member AB and using 

















70 0 0 
0 54 13L 
0 -13L -3L2 
140 0 0 
0 156 22L 
0 
Similar expressions are obtained for the other members 
by using the proper values for a,,e, and L shown in 
Table IB. These values are superimposed in the same 
manner as was described for the stiffness matrix. 
The boundary, or support conditions for this 
truss are that the points A and D are completely re-
strained. That is, XA = YA = 6A = XD = Yn = 6D = 0. 
These conditions are reflected in the assembled rna-
trices by crossing out the rows and columns associated 
with these degrees of freedom. 
For a numerical example, the truss shown in Fig. lB 
was assumed to be constructed of 6061-T6 aluminum 
alloy tubing with L == 30 inches. The properties 
associated with the individual truss members are listed 
in Table IIB. 
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The assembled matrices are then expressed, after 
taking into account the boundary conditions and making 
a harmonic substitution, as shown in Table IIIB. 
These equations can be solved for w. and the ~ 





Direction Cosines for Frame Shown in Figure lB 
MEMBER LENGTH a t3 
AB L· 1 0 
BC L 0 -1 
CD L .l 0 
AC 12L 1/12 -1/12 
DB 12L 1/12 1/12 
TABLE.IIB 
Section Properties for Frame Shown in Figure lB 
Outside Inside 
Diam. Diam. Area Weight I 
Chords 1.25 1.0 .4418 .52 .078 
Diagonals & 
• 75 .584 .1739 .205 .0098 Posts 
(All dimensions in inches, weight in pound per 
foot.) 
TABLE IIIB 
EQUATIONS OF MOTION FOR EXAMPLE PROBLEM 
24.23 -.44 -56.94 1. 71 0 12.32 XB 
-.44 25.01 88.89 0 2.21 0 YB 
·-56.94 88.97 795.87 -12.32 0 -85.26 eB 
1. 71 0 -12.32 24.24 .44 56.94 XC 
0 2.21 0 .44 25.01 88.97 Yc 
. 
12.32 0 -85.26 56.94 88.97 795.87 ec 
.5034 .0614 -.0026 -.0001 0 -.0019 XB 
.0614 .2363 .0148 0 -.1739 0 YB 
+ E(10 3 ) 1-.0026 .0148 .3456 .0019 0 .0196 eB 
w2 
-.0001 0 .0019 .5034 .0614-.0026 XC >- = 0 
0 -.1739 0 .0614 .2363 .0148 Yc 







DIMENSION A(40,40) ,II(4) ,JJ(4) ,V(4) ,LL(40) ,OUT(40) 
READ lOO,N 
100 FORMAT (IlO) 
DO 1 I=l ,N 
DO 1 J=1,N 
1 A(I,J)=O. 
3 READ l01,(II(I),JJ(I),V(I),I=1,4),LAST 
101 FORMAT (5(2I3,E12.0)) 





4 READ 102,(LL(I),I=l,N) 
102 FORMAT (40I2) 
DO 5 I=1,N 
K=O 
IF ( LL ( I ) ) 5 , 5 I 6 





PRINT 103, (OUT(J) ,J=1,K) 
PUNCH 103,(0UT(J) ,J=1,K) 
5 CONTINUE 
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